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Pulsars are believed to be neutron stars which
have strong magnetic field (B ~ 1012G)

There are some speical classes called magne-
tars which have a very strong magnetic field
B ~ 1014-15G,

What is an origin of such stong magnetic fields
?

Magnetically driven SN (many references) ¢ or dy-
namo process in proto NS 7(Thompson & Duncun 93
etc.).



Introduction

We don’t have information of interior magnetic fields because

E 1 P
d d ( IQQ) —4n’T—
dt  dt P3
assuming dipole radiation

= Bpx (IPP)Y/2R73
Note that 1014-15G is poloidal component.

Toroidal / Poloidal (Cerda Duran et al. (08))

50 2

Also, toroidal field is easily
generated by magnetic winding.

8; By = B¥ 9552 + B0,
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So, there is a possibility that toroidal
field dominates the poloidal
component.
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Introduction

e [oroidally magnetized relativistic star in equi-
librium

e EXxplore the stability of toroidal magnetic
field (GRMHD simulation)



How to construct magnetized star in equilibrium

Basic assumptions

0. Stationary and axisymmetry
1. Perfect fluid

2. No meridional flow

3. Ideal MHD

4. Pure toroidal magnetic field

5. Barotropic EOS




How to construct magnetized star in equilibrium

Basic equations

Einstein equation
(Gravitational field)

Maxwell equation
(Magnetic field)

I

For pure toroidal magnetic field case,

Hydrostatic equilibrium
equation (Matter field)

N \_l\ Integrability condition

Srau=Strafraroveg—m

—trerms oA

—

V

4 elliptic equations
for metric potentials

TV

Bernoulli eq. (15t integral of
EOM)




Simple analogy for intergrability conditions

Newtonian rotating equilibrium configurations without magnetic field

P
hydrostatic eq. Ve + Vg + @Q°Vw =0
P

if P= P(p) or Q2 = Q(w) (Tassoul 00)

dP
Bernoulli eq. f— + ¢y + fQszdw =C
0

Purely toroidal magnetic field in general relativistic equilibrium is given

by
Faraday tensor F,y = (metric) x K(u)

where u = pgh(rsin6)? x (metric).
We simpliy choose K(u) as

K(u) = buf with k> 1 = By o pF(rsing)?*1



How to construct magnetized star in equilibrium

Basic equations

Einstein equation
(Gravitational field)

Maxwell equation
(Magnetic field)

\4

]

For pure toroidal magnetic field case,

Hydrostatic equilibrium
equation (Matter field)

\_> Integrability condition

V

4 elliptic equations
for metric potentials

Bernoulli eq. (1% integral of EOM)

Numerical scheme : KEH (Komatsu et al.1987)



Magnetized Neutron Star

Stellar structure on the meridional plane

(a) Density

1510 -5 0 & 10 15
x[km]

Te+15

Be+14

Ge+14

1 do+14

Ze+14

(c) Toroidal magnetic field

-15-10 -5 0 &5 10 15
x[km]

1. Concentration of toroidal field deep inside the star

2. Prolate stellar configuration due to the strong magnetic fields

8e+17
fe+17
Ga+17
5e+17
de+17
3e+17
2e+17
1e+17

3. Itis possible to construct hyper strong magnetized star, e.g., H/|W|=0(0.1)
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Magnetized Rotating Neutron Star
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Magnetic field

e Oblate stellar surface

e Prolate structure deep inside star
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Stability of toroidal magnetic field

Cylindrical coordinate (w, z, ©)
Critical radius : w. = 2¢2/gw

Surroundings
P = Pgas

B2
Flux tube Density deficit of flux tube: p = —
8mcs
Z U
A B2
Magnetic buoyancy force : g—
8mcs
BQ
Hoop stress : ——
» TJ P Ao

w < (>)we < Hoop stress > (<)Magnetic buoyancy force
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Stability of toroidal magnetic field

e Interchange instability (m = 0 mode)
e Tayler instability (m = 1 mode, Tayler 73)

e Parker instability (m # 0 mode, Parker 66)

m=0

oAdiabatic change
oMass cons.
oMagnetic flux cons.

Tube B
(w+ 6w,z + 6z)

Instability criterion @
P+ 6P, p+ dp,

1 1 B
( - ) Ow IN (@) >0
B+ 8B,V +6V w We pw

5 e g
\(

Growth time scale
~ Alfvén time scale R/vy




Stability of toroidal magnetic field

e Interchange instability (m = 0 mode)
e Tayler instability (m = 1 mode, Tayler 73)

e Parker instability (m # 0 mode, Parker 66)

Instability criterion
2 2 m?2
(wC _ w) 0 I (B @) + 5 < O
2
gz m

o
Mainly focusing on w ~ 0 5‘?

Growth time scale
~ Alfvén time scale R/vy ! 13




Stability of toroidal magnetic field

e Interchange instability (m = 0 mode)
e Tayler instability (m = 1 mode, Tayler 73)

e Parker instability (m # 0 mode, Parker 66)

Instability criterion

2 2 m?
(wc — w) 8w In (B((P)TD) —|— ; <0
2
gz m

Mainly focusing on w > we

Growth time scale ~ Alfvén time scale R/vy

What happens after the onset of the instability ?




Axisymmetric General Relativistic MHD

Prediction from initial condition

Note : Initial condition = equilibrium configu-
ration (Recall B,y « p*w?*~1, (l )8 In (B“) > 0)

™7

e k=1 = (Marginally) Stable

e £k > 2= Unstable

Instability = Interchange instability

Exploring this instability by Numerical Relativity

15



Axisymmetric General Relativistic MHD

k=1 configuration(Stable)

Density

Magnetic field energy density

tr~ 11ty

t=0

i

Ps

4
3
2
1
0

-
1T 2 3 4
XM

0

t=7422M
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Axisymmetric General Relativistic MHD

k=2 configuration(Unstable)

Magnetic field energy density Snapshot
0.1 — .
0.01 ¢ . ::_.-- _',',/’ i
g & 0001} /
= - '/t—gzotlfnu 'I:
- u ' . 0 i
18081 7 w1maomy
16-05 L A3H §
o 0.1 1
0 1 2 3 4 5 x | Mg

XM

Unstable configuration (k=2) comes to the stable one (k=1)
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Energy / M.

Axisymmetric General Relativistic MHD

Magnetic energy = Kinetic energy

01 L ] ﬁ??gg%é%ﬁ
0.01 | -Z =
| | e NN

0.001 ' EEM I { ;
1e-04 1 Aooeo-s

1e-05 | - . il
0 1000 2000 3000 0 1 2 3 4

t/ M, X/M

ZIM
N

Interchange instability induces the circular motion on
the meridional plane and settles down to a quasi

equilibrium state. 18




Axisymmetric General Relativistic MHD

Magnetic field N\,

0.001

f_h_hx—__h-___ i
1e-04 | / —
E -__..---" e awm S
= le05 ¢} / |
" [/ B2H ——
1e-06 1 ~ B2M ;

1e-07 L2 . . |
0 400 800 1200 1600

t/ Mg

Time scale ~ Alfvén time scale

Time scale almost agrees with linear perturba-
tion analysis
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Axisymmetric General Relativistic MHD

+Rigid Rotation

Instability criterion
2 1 B(y)
2 —I—?JA —)GWII’I >0
W We pTo
POt .@/ -

Eey / M

0.001 ¢ 1 EEM/EI’Ot ~ 0.1
0 500 1000 1500 2000
t/ My
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Axisymmetric General Relativistic MHD

k=2 configuration

0.05

0.04 ¢ -
Bo_undary of stability

003
Unstable /
002t ) .

0.01 |
0

Egp/ W

0 002 004 006 0.08 0.1
Tmt’{W

If the instability ignites,

B E 3
Tyin ~ 10°9 (105‘?6) (15§m) erg~ 10% of the

energy for SN
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3D General Relativistic MHD

Prediction from initial condition

k=1 configuration (stable against m=0 mode)

Growth rate Most unstable mode (e¥)
Logqgl 6] / [omax| ] Mmax
1 ‘\ 1 I I D 1 20
\\-ﬁ.
0.8 I > I-o.5 0.8 | I e
o 06 F 1 o 06 :
— — B 1[:]
N 04 [ H 15 N 04
| L 5
0.2 F | H 2 0.2
1
0 i U 25 0 o

0 0.2040. 1 0 02040608 1
X/ rg X/ rg

Critical radius

Primarily instability = Parker instability
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3D General Relativistic MHD

. . . Animation
Density Magnetic energy density _ -
Parker instability
(b)t= 165 My
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Turbulent magnetic field *



3D General Relativistic MHD

Excitation of meridional circulation t/‘EA

0O 10 20 30 40 50 e0 70

: : : : M

(a) UADM

Eﬂ Uad

5 0.001 i ,,,,, . |—|ma
2 00001 [ | .
LLI ' 3 TkinTrot
1e-05 | : Trot '

0 500 1000 1500 2000 2500
t/ Mg
Turbulent magnetic field & shock heating

Magnetic field never reaches equilibrium
state ”




3D General Relativistic MHD

+Rigid Rotation

Instability criterion

B 2,,2
Q2w (INQ22) + v3 (3 _ 3) B I (M) > A
w

TWe pTo w2

Note that |Qw| > |v4]
Recall that for k=1 = B(w) X pTo
Rapid & rigid rotation stabilizes the instability

Animation

25



oM,

3D General Relativistic MHD

Angular velocity profile

0.08

0.075
0.07}
0.065F
0.06 F=—
0.055 f
0.05
0.045 t

0.04

Negative gradient

Instability criterion

— Q% w05 (INQ22)
B
+vg(2 _ Q)aw.n(w)
W TWe pTo

2,2
m'vA

S
w
Note that |Qw| > |v4|

4 6
X /Mg

Stellar surface
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3D General Relativistic MHD

(c)t=408 M, (d) t =600 M,

6 0 6 1 0
-1 H -1
: 9 2 > H -2
Mag. ene. density 4 2 4 |5
3 -4 3 -4
2 -5 2 -5
(=T | -6 =2 1 -6
= -7 Z 5 !
N4 [;' N _q I [:
Density 2 5 -2 -
3 - -3 I
A -3 4 H -3
5 4 -5 4
¥ 5 6 5
£ 4 2 0D 2 4 6 6 4 2 0 2 4 6
%1 Mg x/ Mg
e)t=1200M
6 ( } 0 [1] [ l;]l
5 2 2 H -2
4 3 4 H -3
3 4 3 4
2 -5 2 -5
5 -6
~3 S 7 = ; 7
N 0 S
-1 1 -1 5
] B -2 5
3 -2 -3 5
A -3 -4 5
5 -4 -5 -5
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X/ Mg x/ My

Magnetic field never reaches equilibrium
- . 27
state even If fast rotation



Summary

e [oroidally magnetized relativistic star in equi-
Ibirium

e Interhcange instability with 2D GRMHD

e Parker and/or Tayler instability with 3D
GRMHD

Future i1ssure

e Startification by composition gradient (Sta-
bilizing agent)

e Spruit dynamo (Tayler instability and mag-
netic winding)
28
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